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Abstract

A graph G is called T'-unique if any other graph having the same Tutte polynomial as
G is isomorphic to G. Recently, there has been much interest in determining 7T-unique
graphs and matroids. Several families of graphs have been proven to be T-unique [4-8].
In this paper, we study the T-uniqueness of a new class of graphs constructed from two
half wheels by sharing one triangle.
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1 Introduction

Let G be a graph with vertex set V' and edge set ££. We assume that G has no isolated
vertices, but loops and multiple edges are allowed. The rank of a subset S of E is the number
of edges in a spanning forest of the subgraph induced by S in G, i.e. r(S) = |V| — k(G|S),
where k(G|S) denotes the number of components of spanning subgraph induced by S in G.

The Tutte polynomial of G is defined as

T(Gizy) = Y (= 1By - 1)/S=r),
SCE

Two graphs G and Gy are called T-equivalent, if T(G1;x,y) = T(G2;x,y). A graph G
is called T-unique provided all graphs T-equivalent to G are graphs isomorphic to G [7].

In [7], de Mier and Noy introduced a new polynomial, the rank-size generating polyno-
mial, as follows
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F(Gizy) =) o'yl
SCFE

It is not hard to see that the coefficient of each monomial z"(My!Sl in F(G;z,y) can
be derived from T'(G;z,y), and vice versa. Therefore, F(G;z,y) and T(G;z,y) contain
exactly the same information about G. It is relatively easier to extract information from
F(G;x,y) than from T(G;x,y), so it becomes a useful tool to mine invariant properties for
T(G;x,y) and thus to prove the T-uniqueness property for many families of graphs.

The coefficients of the Tutte polynomial of a graph contain a lot of information about
the graph, such as graphic parameters shown in the next two theorems. We will use these
results frequently in our proofs later.

Theorem 1.1 (de Mier and Noy [7], Theorem 2.4) Let G = (V, E) be a 2-connected
graph, then the following graphic parameters of G are determined by its Tutte polynomial:

i) The number of vertices and the number of edges;

it) For every k, the number of edges with multiplicity k. In particular, whether G is a
stmple graph or not;

i11) The number of shortest cycles;

iv) The edge-connectivity A\(G);

v) If G is simple, the number of cliques of each size. In particular, the clique-number
w(G);

vi) If G is simple, the number of cycles of lengths three, four and five. For the cycles of
length four, it is also possible to know how many of them have exactly one chord. O

Let n(G) = |E(G)| — r(G). The following well-known result is a phrased version for
graphic matroids (see [7, Theorem 2.2]). A slightly more general result for matroids can be
found, for example, in [2, Example 6.2.17].

Theorem 1.2 If both of r(G) and n(G) are positive, then the number of blocks of G (that
is, 2-connected components) is min{i | bjg # 0}. Otherwise, G has |E(G)| blocks. In
particular, if G is 2-connected and H is T-equivalent to G, then H is also 2-connected. O

A bond of a graph is a minimal edge-cut. In [3], it is proved that for a 2-connected graph
G with A(G) > 3, the number of the minimum bonds is determined by its flow polynomial.
As the flow polynomial of a graph is an evaluation of its Tutte polynomial (see [1]), the
number of minimum bonds of a graph can also be determined by its Tutte polynomial. We
will use this fact in Section 2.

Several classes of graphs have been proven to be T-unique. In [7], de Mier and Noy
proved that wheels W,,, square of cycles C2, complete multipartite graphs Ky, po. py, lad-
ders L,, Mobius ladders M,, and hypercubes @),, are T-unique. In [5], it is proved that
generalized Petersen graph P(m,2) is T-unique, and in the same paper, Kuhl also proved
that the line graph of P(m,2) is T-unique. In [8], de Mier and Noy consider the T-uniqueness
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of line graphs and proved that the line graph of complete graphs K,, complete bipartite
graphs K, , and regular complete t-partite graphs K(p,t) (t > 2) are T-unique. In [6],
Marquez, de Mier, Noy and Revuelta proved that the locally grid graphs are T-unique.
In [4], it was proved that the twisted wheel is T-unique. In this paper, we intend to extend
the body of knowledge on T-unique classes of graphs. The same technique used in [4] is
adopted again to prove the T-uniqueness of a new class of graphs.

The double half-wheel Wi, (k1,k2) (see Fig. 1(b)) is a graph obtained from the graph G
(see Fig. 1(a)) with vertex set {v1,ve,vs,v4,v5} by subdividing the edges vivs and v4vs
with k1 — 2 and ko — 1 vertices, and then joining each of the new vertices on vivs and vqvs
to vy and w3, respectively. Clearly, W}, (k1, k2) has ki + ko triangles. The edge eg = v1,1v2 ,
is called the strap edge.

U1

U3 V4

Figure 1: The graph of Wp,(k1, k2)

Remark: In the rest of the paper, we assume that k1 > ko > 2, k1 + ko > 5 and n =
k1 +ko+2. Then in Wy (ky, k2), there are n vertices, 2n — 2 edges, n —2 triangles, n —2 Cy’s,
n—3 C’i”s and all vertices and all edges except the strap edge are contained in triangles,
where CZ denotes a Cy with one chord. In this paper, we use K ; 5 to denote the graph
constructed from ¢ triangles sharing a single edge. Clearly, W}, (kq, k2) contains no K;' 5 as
subgraph.

From Theorem 1.1 #i), we see that any graph which is T-equivalent to a simple graph
is also simple. Although the Tutte polynomials are defined on all graphs, in this paper we
restrict our attention to the T-uniqueness of simple graphs only. From now on, all graphs
considered are simple.

In [4], we introduced a new concept similar to the line-graph called the triangle-graph
TR(G). In TR(G), each vertex corresponds to a triangle in G and two vertices are adjacent
if and only if the corresponding triangles share an edge in G. Clearly, the graph TR(G) is
well-defined and simple. It is a good tool for reconstructing several classes of graphs such
as the twisted wheel in [4]. It is easy to see that the double half-wheel can be viewed as a
variation of the twisted wheel. Therefore, we use this technique again to prove Wp,(k1, k2)
to be T-unique.

Here are some useful notions included in [4]. For a graph G, the subgraph induced by all
edges contained in some triangle of G is called the triangle-induced subgraph of G, denoted
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by G. If the triangle-graph TR(G) is a tree of n vertices, then the graph G is called a
triangular n-tree graph and the set of all such graphs on n vertices is denoted by I'*. If
TR(G) is a path of order n, then G is called a triangular n-path graph and the set of all
such graphs is denoted by p". If TR(G) is a cycle of length n, then G is called a triangular
n-cycle graph and the set of all such graphs is denoted by C". If TR(G) is a forest of n
vertices with r components, then G is called a triangular n-forest with r components graph
and the set of all such graphs is denoted by F .

For convenience, we use T", P", C™, and F to denote any graph in I'", ", C" and
[, respectively. For these families of graphs, we have the following result which has been
included in [4].

Proposition 1.3 i) For any T" € I, |V(1™)| < n+ 2 and |E(T™)| = 2n + 1;
i) For any C™ € C", n >4, |V(C™)| <n+1 and |[E(C™)| = 2n. O

Suppose that G is a connected graph in " such that V(G) = V(G), E(G) = E(G) and
[V(G)| = n+2. Then G is called a mazimal triangular n-path, denoted by P . The set
of all such graphs will be denoted by @}, ,... Clearly, the maximal triangle-induced n-path
P . has exactly two vertices of degree 2. The following result has been proved in [4].

Lemma 1.4 Suppose that G is a graph satisfying the following conditions
i) G is 3-edge-connected,
i) G € o2, where n > 8, and
iii) E(G) = E(G) U {e}, where e is an edge joining the two 2-degree vertices of G.

Then every 3-element bond of G is trivial. O

It is clear that in a tree, the number of paths of length two (or 2-paths) is equal to the
number of edges of its line graph. The following result which is also included in [4] gives a
new way to count the number of 2-paths, which will be useful later in this paper.

Lemma 1.5 Let T be a tree with n vertices and the mazimum degree A(T). Let m; be the

number of vertices of degree i in T'. Then the number of 2-paths is n — 2 + ZiA:(;:F) m; (igl),

and hence T has n — 2 2-paths if and only if T is an n-path. O

2 Proof of the main result
In this section, we prove our main result.
Theorem 2.1 Ifk; > ko > 2 and ky1+ke > 5, the double half-wheel Wy,(k1, k2) is T-unique.

A k-fan Fj is a maximal triangular k-path in which the k triangles share a common
vertex v (shown in Fig. 2). The edges vgv; and vi_qvy are called the brim non-spoke-edges
of F k-



Figure 2: k-fan Fy,

Following [7], we use [2'4/]F(G;z,y) to denote the coefficient of the term 'y’ in
F(G;,y).

Proposition 2.2 Let A C E(Wp(ki1,ka)). The following statements hold:
i) [Py (W (k1 ke);2,y) =0, for k <n —2 and i > 0;

it) if the strap edge ey ¢ A, then the graphs induced by the edge set A contributing to

the coefficient of x*y**~' are the subgraphs of Wi, (ky, ko) which is isomorphic to graphs in

k—1 .
Pmazs

i11) if the strap edge eg € A, then the edge sets contributing to the coefficient of x
are described in (1.1)-(1.8), (2.1)-(2.3) and (3.1)-(3.3).

k, 2k—1
Y

Proof. Let A = AgUA{UA(, where Ay = {ep} or &, Aj[ is the set of edges in E(W},(ki, k2))—
Ay contained in some cycle of G[A — Ap] and Aj is the set of edges in E(W},(k1,k2)) — Ao
contained in no cycles of G[A — Ay].

For all of the indices of these vertices in Wj,(k1,k2), we define an ordering: (1,1) <
(L,2) < < (L,k1 —1) < (1,0) < (LLk1) < (2,1) < (2,2) < -+ < (2,k2 — 1) < (2,k9) <
(2,0). Let 61, 62, -+, €m be the chordless cycles of G[A{)] with the order of these cycles is
given by the minimum indice of vertices of each cycle. Let ¢y, co, -+, ¢, denote the size of
the cycles 61, 62, - -, and 6, respectively. Since G[A}] is a subgraph of W}, (k1, k2), every
pair of chordless cycles share at most one edge.

Let f = |A{|. Define 6;, ¢ and ¢ as follows.

if i =1,

1> 2 and %; and %;_1 share one edge;
1 > 2 and %; and %;_1 share no edge.
if €0 Qé A;

otherwise.

if eg ¢ A or ep contained in a cycle of G[A];

¥ =

= o = O =N

otherwise.

Then we have the following equations:



A= (e =0+ D)+ f+o=2 =D bitm+ [+, (1)
i=1 i=1 =1
r(A) =) (ci—0:)+ f+ = Zcz Ze + (2)

Since ¢; > 3,0, <2 (2<i<m), 0 =1and f >0, we deduce that

da=> O+ fxm+1 (3)
=1 =1

By Equations (1) and (2) and Inequality (3), we have |A| < 2r(A). Evidently, if i > 0,
then [2*y?+ | F (W), (k1, k2); z,y) =0, for k <n — 1.

If |A] = 2r(A), from Equations (1) and (2), we have

doa=D i+ f+2 =m+. (4)
i=1 i=1

If ¢» = 0, then ¢’ = 0 by definition. From (4), we have > /" ¢; — > ", 60; + f =m, a
contradiction to Inequality (3).

Thus, ¥ = 1, and by Inequality (3) and Equation (4), ¢/ = 0. Thus, equality holds in
(3), thatisc; =3 (1 <i<m),0; =2 (2<i<m)and f =0, therefore A = E(W},(k1,k2)).
That is, in F(W),(k1, k2); z,y) the only edge subset contributing to the coefficient of z*y2
is E(Wp,(ky1,k2)), and the only term is 2"~ 192"~2 with coefficient 1. Thus i) holds.

Next consider the edge subset A contributing to the coefficient of z¥y?*~1, 1 < k < n—1,
ie. |[A] =2r(A) — 1. By Equations (1) and (2), we have

da=> O+ fH2 —1=m+1. (5)

i=1 i=1
If eg ¢ A, then ¢ = 0 and ¢’ = 0 by definition. Then by Equation (5), we have
Yoy G =iy O+ f —1=m.
Thus equality holds in (3), that is¢; =3 (1 <i<m), ;=2 (2<i<m), f =0 and

m+1 = k Therefore, if eg ¢ A, then G[A] is a subgraph of Wy (k1, k2) isomorphic to a
graph in pk—l " as required. Thus 74) holds.

If eg € A, then ¢p = 1. Thus by (5), we have

dDa=> b+ f-1+2) =m+1 (6)

i=1 i=1
Inequality (3) implies that ¢’ = 0, i.e., eg € A and eq is contained in a cycle of G[A].

To satisfy (6), there are three possible cases.
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In the following, we say two chordless cycles in Wy, (kq, ko) are consecutive if they share
one edge. A sequence of chordless cycles 6;, 1 < i < m, are consecutive if €; and %41 share
one edge.

Case 1. ;=3 (1<i<m),0;,=2(2<i<m)and f =1.

In this case, the chordless cycles %71, %2, - - -, % are consecutive and with length 3. In
addition, since f = 1, eg is contained in a cycle of G[A]. Thus, A is one of the following
sets.

=FE — U2 ky—1V2 ks
1.8) A=F— V1,1V1,2-

Case 2. There exists t, 1 <t < m, such that ¢, =4, and for all i ¢, ¢; =3, 0; =2
(2<i<m)and f=0.

In this case, the chordless cycles %; are consecutive and with length 3 except one. Thus,
A is one of the following sets.

(2.1) A=F — V1,001,i, 2 < ) < kl;

(2.2) A=F — V2,002,i, 2 < ) < kg — 1;

(2.3) A=F — V2,0V1,k; -

Case 3. There exists t, 2 < t < m, such that §; = 1 and for all i #¢, §; = 2, ¢; = 3
(1<i<m)and f=0.

In this case, the chordless cycles %;, 1 < i < m are not consecutive and have exactly
one ”gap”. Thus, A is one of the following sets.

(3.1) A=F — Ufzr?}gpvgﬂ' — Ujiivlj_l’l)gd, 2<r<s<ky—2

(32) A=FE — Ul_ v gv2,; — U§:1U2,jv2,j+1 — V1 V2,1, < ko — 2;

(11) A= E — U2 g gva — U5 09 j0a 1 — w1y v213
(1.2) A=F — UZ 5 Loy V1 — U?lz_llvl,jvl,jﬂ;

(1.3) A=F — UZ " Loy V2, — U?;lvg,jvg,jﬂ, t>2;
(14) A=E — Ul_yv1 ov1,; — Uz-:l'l)l’j'l)l’j_i_l, t>2;

(1.5) A= FE — v20v2 ,;

(1.6) A= E — v 9v1,1;

(1.7) A

(

(33) A=F — Uf:rvl,ovl,i — Ujiivlﬂ'—lvl,j? 3<r<s<k —1.
This completes the proof of the proposition. O

Remark: All the subgraphs contributing to the coefficient of zFy?~1 are listed in Proposi-
tion 2.2 ii) and 4i7). The rank of all the subgraphs in (1.1)-(1.8), (2.1)-(2.3) and (3.1)-(3.3)
are at least ko + 2. Therefore, in Wy (ky1, ko), if & < ko+ 1, then all graphs induced by A con-
trlbutmg to the coefficient of 2*y?*~! are the subgraphs of Wi (ky, k2) isomorphic to graphs
in pf—1 and the total number of subgraphs is n — k. If k > kg + 2, then all graphs induced
by A contributing to the coefficient of z*y?*~! are the subgraphs isomorphic to graphs in
©F=1 (subgraphs in Proposition 2.2 ii)) and the subgraphs mentioned in Proposition 2.2



ii1), and there are at least n — k + 1 such graphs in total.

Assume that a graph G is T-equivalent to Wp,(ki,k2). Our proof to show that G is
isomorphic to Wy (k1, k2) includes the following steps: 1) we will first show that TR(G) is
acyclic, 2) we will next show that, in fact, TR(G) is a path and 3) we finally show that
TR(G) is a path of length n — 2. Once these claims are confirmed, the main result follows
easily.

Lemma 2.3 If G is a graph T-equivalent to Wy(k1,ke) and G contains no K;:Q as a sub-
graph, q > 4, then TR(G) contains no cycle of length p, 4 <p <n — 2.

Proof. By way of contradiction, let C}, = vivavs - - - vpv1 be a shortest cycle in TR(G) with
the length p, 4 <p<n-—2.

Since G is a graph T-equivalent to W}, (k1, k2), directly from Proposition 1.3 and Propo-
sition 2.2, we see that G contains no C? as a subgraph (C? € C?, 4 < p < n — 2), hence C,
has at least one chord viv,. Let S1 = viva---vsv; and So = vyvp - - - vsv1. Clearly, both Sy
and Sy have lengths at least 3. Without loss of generality, we assume that |S;| > |Sa| > 3.
Since C), is a shortest cycle with length p, 4 < p <n—2,in TR(G), we have |S;| = |S2| = 3.
Then TR(G) contains Cj as a subgraph. It easy to see that G contains either KZQ or Ky
as a subgraph. In either case we have a contradiction since G contains the same number of
Ky'’s as Wh(kl,kg). O

Proof of Theorem 2.1: It was mentioned in Section 1 that the number of minimum
bonds of graph G is determined by its Tutte polynomial. In addition, using Theorems 1.1
and 1.2 and the remark after the definition of double half-wheel W}, (k1, k2), we know that
if G is a graph T-equivalent to W), (k1, k2), then we have the following facts:

e (5 is simple and 2-connected;

e |V(G)| =n and |E(G)| =2n — 2;

e the number of K3’s and K,’s are n — 2 and 0, respectively;

e the number of C4’s and C’I’S are n — 2 and n — 3, respectively;

e (5 is 3-edge-connected, and the number of 3-element bonds is n — 3.

Claim. There is no edge in E(G) contained in more than two triangles.

Let 7 be the number of edges of G contained in exactly ¢ triangles, ¢ > 0. Counting the
total number of the times of edges appearing in the triangles of GG, we conclude that the total
number of the times of the edges appearing in at least three triangles is E?:_f 17;; the total
number of the times of the edges appearing in exactly two triangles is 2(n —3 — Z?:_?? T; (;)),
and the total number of the times of the edges appearing in at most one triangle is 2n —

2 -0 27— (n -3 (1), Then, we have

3(n — 2) ggin+2(n—3—:§n<;>)+[2n—2—:§n—(n—3—:§n<;>)] (7)
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That is, Z?:}?[(;) — (i — 1)}y < 1. Therefore 73 < 1 and 7 = 0, for ¢ > 4.

Thus, G contains no K ;f 5 as a subgraph, where ¢ > 4 and the number of K?jr 5’sin G is
T3 < 1.

Considering the subgraphs which contribute to the coefficient of z%y”, there are four
possible subgraphs:

a) K ?jr o

b) 3-fan;

¢) a complete subgraph K, with an extra edge;

d) K39 with an extra edge joining two vertices in the partite set of order three.

Since by Proposition 1.3 and Proposition 2.2, G contains no CP, 4 < p <n — 2 or Ky.
And every Cjy contains a chord except one, the subgraphs in ¢) and d) are impossible. Thus
the possible subgraphs can only be K; 5 and 3-fan. Let ¢ be the number of subgraphs of ¢
isomorphic to 3-fan. Then 73 + ¢ = [z*y"|F(G; z,y) = [z*y |F(Wy,(k1, k2);2,9) = n — 4.

Next, we show that 73 = 0.

Otherwise, 73 = 1. Then G contains exactly one K;' 5 as a subgraph, denote it by Gg
(see Fig. 3(a)) and ¢ = n —5. In this case, TR(G) contains exactly one cycle and its length
is 3 by Lemma 2.3.

Since 7; = 0, for @ > 4 and 73 = 1, the equality holds in (7), therefore every edge of G is
contained in some triangle. Moreover, every vertex of G is contained in some triangle. In
G, let eg = uv/, e; = uu; and e; = v'u;, i = 1,2,3 and denote the triangles uu;u’ by ¢;. Let
r be the number of triangles of G — ej containing edges e; or e}, i = 1,2, 3, then 0 < r < 6.

Recall that a C in G is an edge of TR(G) and a 3-fan is a 2-path of TR(G). If r = 6,
let H; = G — eq, then there are n — 5 triangles, n — 12 CI’S and at most n — 20 3-fans in H;
and TR(H;) is acyclic. Thus TR(H;) is a forest with n — 5 vertices and 7 components and
by Lemma 1.5, there are at least n — 19 2-paths in T'R(H;), a contradiction. So we assume
0<r<5h.

Case 1. Suppose there exists a triangle ¢;, say t3 (1 < i < 3), in which the edges e; and
e, are not contained in any other triangles.

Let Hy = G—e3. Then there are n—3 triangles, n—>5 CI’S and n—5—r 3-fans in Hy and
TR(H;) is acyclic, i.e., TR(Hs) is a forest with n — 3 vertices and 2 components. Thus H,
is a graph of F;‘_?’. Let Ho =T™ UT™, where T™ € I'"t T"2 € I and n1 +ny =n — 3.

By Proposition 1.3 4), |[E(Hy)| = (2n1 + 1) + (2n2 + 1) = 2n — 4. Since e3 and ¢} are
contained in t3 only, so e3, e ¢ E(H,). Thus E(G) = E(H,) U {es, 5} and furthermore
V(G) = V(Hz) U {us}.

As G is 3-edge-connected, §(G) > 3. Thus in Hy, there are at least one edge ¢} (e ¢
{e3,€4}) incident with uz. Since each edge of G is contained in some triangle, ¢ € E(Hy)
and thus ug € V(Hy). Therefore V(G) = V(Hs). Since G is 2-connected and §(G) > 3,

V(G)| = |V (Hy)| < (n1 +2)+ (ng +2) —2 = n — 1, a contradiction.

Case 2. For every triangle t;, i = 1,2, 3, at least one edge of e; and e} is contained in
another triangle. In this case, r > 3. Since r < 5, there is an edge, say e}, contained in no
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U1 Up V1 Ul
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Figure 3: Gp, G and Gs

other triangle. Let H3 = G — e5. Then in Hj, there are n — 3 triangles, n — 6 C;’s and
when deleting edge €4 from G, the number of 3-fans decreased by at least r + 1, so there are
at most n — 6 — r 3-fans. Clearly TR(H3) is acyclic. Thus, TR(Hs) is a forest with n — 3
vertices, 3 components and at most n — 6 — r 2-paths.

By Lemma 1.5, there are at least n — 9 2-paths in TR(H3). Thus,n —6 —r >n —9,
or r < 3. In this case, r = 3 and G contains G1 or G as a subgraph (shown in Fig. 3(b)
and 3(c)) and TR(Hj3) has exactly n —9 2-paths. In addition, when deleting e4 from G, the
number of 3-fans decreased exactly by 4. Thus, both uvs and ugvs are contained only in one
triangle uwugvs. So, Hs is a graph of Fg_?’ and it can be written as Hy = P™ U P™ U P"3,
Prie o™i =123, and one of P™ contains exactly one triangle, say P"2. Each edge and
each vertex of G is contained in some triangle, so it is easy to see that |E(Hs)| = |E(Hs)|
and |V (Hs)| = |V(Hs)|. Since |E(Hs)| = 2n — 3, we have E(G) = E(H3) U {€4} and
V(G) =V(Hs) = V(P™)UV(P")UV(P").

From the structure of G; and G, we may assume that u € V(P™) UV (P"2). Since G
is 2-connected and 8(G) > 3, [V(Q)| = |V (Hs)| < |[V(P™)|+|V(P"2)| —1+|V(P"3)]| -3 <
n — 1, a contradiction. This completes the proof of Claim.

Since 73 = 0, by Inequality (7), every edge except one is contained in a triangle. On the
other hand, by Lemma 2.3, TR(G) is a tree and contains exactly n — 4 2-path. Therefore,
by Lemma 1.5, TR(G) is an (n — 2)-path.

Since G is 2-connected, [V(G)| = n and [E(G)| = 2n — 2, every vertex is contained in
triangle, i.e. V(G) = V(G). Thus, G is a graph satisfying the three conditions of Lemma
1.4, so every 3-element bond of GG is trivial. Therefore, there are n — 3 3-degree vertices in

G.

Let Fj, be a maximum fan in G, if K = n—2, after adding the strap edge to GG, the number
of triangles of G will increase by 1, it is a contradiction since G has exactly n — 2 triangles.
Therefore, 3 < k < n — 3. We use the same labeling as in Fig. 2. Since 3 <k <n — 3 and
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F}. is maximum, there exists a triangle ¢; using a brim non-spoke-edge of F}, without loss
of generality, we assume that vg_qvi is contained in t; and t; = vp_jvpwy. By adding 1 to
F}., the degrees of vertices vp_1 and vy increase to 4 and 3, respectively.

Obviously, wy is not the 2-degree vertex of G, since otherwise, the number of C4’s
without chord is more than 2. So there exists a triangle t5 containing wi. If vg_jwy € to,
since there are exactly 3 vertices of G with degree more than 3 and G = P2, then the
2-degree vertices of G can not be adjacent to vy_1. Thus, in G, the distance between the
two 2-degree vertices is more than 3. Since G € " 2 and G = P?-2, every C, has one
chord in G. Thus the edge joining the two 2-degree vertices must be in a C4 containing
no chord. Therefore, the distance of the two 2-degree vertices in G is exactly 3, this is a
contradiction. Therefore vyw; € to. It is simple to see that G is isomorphic to W, (K], k5),
Ky =kand kb =n—2—k.

Finally, we show that k] = ki and k), = ko. Otherwise, assume ko < kj, i.e., ko <
k) < k} < ki, we consider the coefficient of x¥272y2k2+3 By the remark after Proposi-
tion 2.2, [wk2H2y2k2 31 (W), (ky, ka); 2,y) > n — ko — 1. However, since kg + 2 < kb + 1,
[xk2H2y2k2 3] P (W, (K, kb); o, y) = n — ko — 2, a contradiction. Therefore, k| = k; and thus
Ky = ko. This completes the proof of the theorem. O

Remark. The twisted wheels studied in [4] and the double half-wheels defined in this paper
have a very similar structure. However, the T-uniqueness of one class can not be deduced
from the T-uniqueness of another even though the proof ideas and techniques overlap quite
a bit. It will be interesting to characterize a large family of graphs consisting of mostly
triangles whose T-uniqueness can be dealt by triangle-induced subgraphs uniformly.

Acknowledgments

The authors would like to thank Professor Haidong Wu for bringing this class of graphs to
our attention and for his helpful discussions.

References

[1] Bollobas B. Modern Graph Theory. New York: Springer-Verlag, 1998. 335-373

[2] White N. Matroid Applications. Cambridge: Cambridge University Press, 1992. 123-
215

[3] Duan Y, Wu H et al. On chromatic and flow polynomial unique graphs. Discrete Appl.
Math., 2007, doi:10.1016/j.dam.2007.10.010.

[4] Duan Y, Wu H et al. On Tutte polynomial uniqueness of twisted wheels. Discrete
Math., 2008, doi:10.1016/j.disc.2008.01.039.

[5] Kuhl J. The Tutte polynomial and the generalized Petersen graph. The Australasian
J. of Comb., to appear.

11



[6] Marquez A, de Mier A et al. Locally grid graphs: classification and Tutte uniqueness.
Discrete Math., 2003, 266: 327-352

[7] de Mier A, Noy M. On graphs determined by their Tutte polynomials. Graphs Comb.,
2004, 20: 105-119

[8] de Mier A, Noy M. Tutte uniqueness of line graphs. Discrete Math., 2005, 301: 57-65

12



